Examples of stable exponential cosmological solutions with three factor
  spaces in EGB model with a $\Lambda$-term by Ernazarov, K. K. & Ivashchuk, V. D.
ar
X
iv
:1
81
2.
11
85
5v
2 
 [g
r-q
c] 
 25
 Ja
n 2
01
9
Examples of stable exponential cosmological solutions
with three factor spaces in EGB model with a Λ-term
K. K. Ernazarov1 and V. D. Ivashchuk1,2
1Institute of Gravitation and Cosmology, RUDN University, 6
Miklukho-Maklaya ul., Moscow 117198, Russia
2 Center for Gravitation and Fundamental Metrology, VNIIMS, 46
Ozyornaya ul., Moscow 119361, Russia
Abstract
We deal with Einstein-Gauss-Bonnet model in dimension D with a
Λ-term. We obtain three stable cosmological solutions with exponen-
tial behavior (in time) of three scale factors corresponding to subspaces
of dimensions (l0, l1, l2) = (3, 4, 4), (3, 3, 2), (3, 4, 3) and D = 12, 9, 11,
respectively. Any solution may describe an exponential expansion of
3-dimensional subspace governed by Hubble parameter H. Two of
them may also describe a small enough variation of the effective grav-
itational constant G (in Jordan frame) for certain values of Λ.
Keywords: Gauss-Bonnet, variation of G, accelerated expansion of the
Universe
1 Introduction
Here we study a D-dimensional Einstein-Gauss-Bonnet (EGB) gravitational
model which contains Gauss-Bonnet term and Λ-term. As it is well-known,
the Gauss-Bonnet term appeared in (super)string theory in the next to lead-
ing order correction (in slope parameter) to the effective action [1]-[3]. Cur-
rently, the EGB model and its extensions, see [4]-[19] and references therein,
are under a wide studying in cosmology aimed at possible explanation of
accelerating expansion of the Universe (i.e. in a context of the so-called dark
energy problem) [20, 21, 22]. Here we restrict ourselves by non-singular cos-
mological solutions with three scale factors ai = exp(Hit), i = 0, 1, 2, where
t is a (synchronous) time variable. We find three exact solutions with three
different Hubble-like parameters H0 > 0, H1 and H2, which correspond to
three subspaces of dimensions 3, l1 and l2 with (l1, l2) = (4, 4), (3, 2), (4, 3).
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Here we put H0 = H , where H is the Hubble parameter [23]. Due to results
of ref. [16] (see also [13, 15]), the solutions are stable in a class of cosmolog-
ical solutions with diagonal metrics. It is shown that two obtained solutions
may describe a small enough variation of the effective gravitational constant
G (in Jordan frame) [24, 25, 26, 27] when cosmological constant Λ obeys
certain restrictions.
2 The cosmological model
The action of the model reads
S =
∫
M
dDz
√
|g|{α1(R[g]− 2Λ) + α2L2[g]}. (2.1)
Here g = gMNdz
M ⊗ dzN is the metric defined on the manifold M , dimM =
D, |g| = | det(gMN)|, Λ is the cosmological term, R[g] is scalar curvature,
L2[g] = RMNPQRMNPQ − 4RMNRMN +R2
is the Gauss-Bonnet term and α1, α2 are nonzero constants.
We consider the manifold
M = R×M1 × . . .×Mn (2.2)
with the metric
g = −dt⊗ dt+
n∑
i=1
Bie
2vitdyi ⊗ dyi, (2.3)
where Bi > 0 are constants, i = 1, . . . , n, andM1, . . . ,Mn are one-dimensional
manifolds (either compact or non-compact ones) and n > 3.
The equations of motion for the action (2.1) read [15]
E = Gijv
ivj + 2Λ− αGijklvivjvkvl = 0, (2.4)
Yi =
[
2Gijv
j − 4
3
αGijklv
jvkvl
] n∑
i=1
vi − 2
3
Gijv
ivj +
8
3
Λ = 0, (2.5)
i = 1, . . . , n, where α = α2/α1. Here [8, 9]
Gij = δij − 1, Gijkl = GijGikGilGjkGjlGkl. (2.6)
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3 Solutions with three factor spaces
In this section we present a class of solutions to the set of equations (2.4),
(2.5) of the following form:
v = (
k0︷ ︸︸ ︷
h0, . . . , h0,
k1︷ ︸︸ ︷
h1, . . . , h1,
k2︷ ︸︸ ︷
h2, . . . , h2), (3.1)
where h0 is the Hubble-like parameter corresponding to an k0-dimensional
factor space with k0 > 1, h1 is the Hubble-like parameter corresponding to
a k-dimensional factor space and h2 (h2 6= h1) is the Hubble-like parameter
corresponding to another k-dimensional factor space, k > 1.
We consider the ansatz (3.1) with three Hubble parameters H , h1 and h2
which obey the following restrictions:
h0 6= h1, h0 6= h2, h1 6= h2, S1 = k0h0 + k(h1 + h2) 6= 0. (3.2)
We put
α > 0. (3.3)
Here we present three examples of solutions to equations (2.4), (2.5) with
the restrictions (3.2) imposed. These solutions are obtained by using Math-
ematica. Any solution contains at least one number 3 among k0, k1, k2. We
renumerate the subspaces in such way that renumerated set v¯ has the form
v¯ = (H,H,H︸ ︷︷ ︸
l0=3
, H1, . . . , H1︸ ︷︷ ︸
l1
, H2, . . . , H2︸ ︷︷ ︸
l2
), (3.4)
H > 0 and the metric (2.3) reads
g = −dt⊗ dt+
n∑
i=1
B¯ie
2v¯itdy¯i ⊗ dy¯i, (3.5)
where v¯i = vσ(i), B¯i = Bσ(i) > 0 and y¯
i = yσ(i) ≡ xi, i = 1, . . . , n, for certain
permutation σ ∈ Sn.
The metric (3.5) may be rewritten as
g = −dt⊗ dt+ e2Ht
3∑
i=1
dxi ⊗ dxi
+e2H1t
3+l1∑
i=4
dxi ⊗ dxi + e2H2t
3+l1+l2∑
i=4+l1
dxi ⊗ dxi, (3.6)
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where H > 0 is Hubble parameter and the set of parameters (H,H1, H2) is
obtained from the set (h0, h1, h2) by certain permutation.
The dimensionless parameter of variation of (effective) gravitational con-
stant (in Jordan frame) [24, 25, 26, 27] reads
var =
G˙
GH
= − l1H1 + l2H2
H
. (3.7)
Due to the experimental data, the variation of the gravitational constant
is allowed at the level of 10−13 per year and less. Here one may use the
following constraint on the magnitude of the dimensionless variation of the
effective gravitational constant:
− 0, 63 · 10−3 < G˙
GH
< 1, 13 · 10−3. (3.8)
It comes from the most stringent limitation on G-dot obtained by the set of
ephemerides [28]
− 0, 42 · 10−13 yr−1 < G˙/G < 0, 75 · 10−13 yr−1 (3.9)
allowed at 95% confidence (2σ) level and the present value of the Hubble
parameter [23]
H0 = (67, 3± 2, 4) km/s Mpc−1 = (6, 878± 0, 245) · 10−11 yr−1, (3.10)
with 95% confidence level (2σ).
In what follows we denote λ = Λα, α > 0.
3.1 The case k0 = 3, k = 4
Let k0 = 3, k = 4. Here we put k0 = l0 = 3, l1 = k1 = 4, l2 = k2 = 4 and
(l0, l1, l2) = (3, 4, 4). The solution reads:
H = h0 =
√
15
20
√
α
√
1 +
√
480λ− 79 > 0, (3.11)
H1 = h1 = −
√
15
60
√
α
(√
1 +
√
480λ− 79− 2
√
4−
√
480λ− 79
)
, (3.12)
4
H2 = h2 = −
√
15
60
√
α
(√
1 +
√
480λ− 79 + 2
√
4−
√
480λ− 79
)
. (3.13)
S1 =
√
15
60
√
α
√
1 +
√
480λ− 79. (3.14)
Here
79
480
< λ <
19
96
. (3.15)
We obtain a huge value for the dimensionless variation of G
var = 8/3, (3.16)
which does not obey restriction (3.8).
3.2 The case k0 = 2, k = 3
Let us put k0 = 2, k = 3. Here l0 = k2 = 3, l1 = k1 = 3, l2 = k0 = 2, and
(l0, l1, l2) = (3, 3, 2). The solution reads:
H = h2 = −
√
15
60
√
α
(√
1 + 2
√
60λ− 11−
√
5
√
5− 2√60λ− 11
)
> 0,
(3.17)
H1 = h1 = −
√
15
60
√
α
(√
1 + 2
√
60λ− 11 +
√
5
√
5− 2
√
60λ− 11
)
, (3.18)
H2 = h0 =
1√
15
√
α
√
1 + 2
√
60λ− 11, (3.19)
S1 =
√
15
30
√
α
√
1 + 2
√
60λ− 11. (3.20)
Here we have the following restriction on λ
11
60
< λ <
2209
8640
. (3.21)
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For λ = λ1 = 213/980 we getH =
1
2
√
35α
, H1 = −4H , H2 = 6H , S1 = 3H ,
var = 0 in agreement with [18].
In case when the following restriction is imposed:
|var| < δ (3.22)
there exists ǫ1 > 0 such that the (3.22) is obeyed if
|λ− λ1| < ǫ1. (3.23)
This follows from the continuity of the function var = var(λ).
3.3 The case k0 = 4, k = 3
Now we put k0 = 4, k = 3 and l0 = k1 = 3, l1 = k0 = 4, l2 = k2 = 3, and
(l0, l1, l2) = (3, 4, 3). The solution reads:
H = h1 =
√
5
140
√
α
(√
21
√
3 + 2
√
81− 420λ− 7
√
7− 2
√
81− 420λ
)
,
(3.24)
H1 = h0 = − 1√
105α
√
3 + 2
√
81− 420λ, (3.25)
H2 = h2 =
√
5
140
√
α
(√
21
√
3 + 2
√
81− 420λ+ 7
√
7− 2√81− 420λ
)
,
(3.26)
S1 =
√
105
210
√
α
√
3 + 2
√
81− 420λ. (3.27)
Here we impose
55
336
< λ <
11
60
. (3.28)
For λ = λ2 = 1443/8092 we get H =
1
2
√
119α
, H1 = −6H , H2 = 8H ,
S1 = 3H and var = 0 in agreement with [18].
When the restriction (3.22) is imposed there exists ǫ2 > 0 such that the
(3.22) is obeyed if
|λ− λ2| < ǫ2. (3.29)
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4 The analysis of stability
The solutions obey two restrictions:
S1 =
n∑
i=1
vi > 0. (4.1)
and
det(Lij(v)) 6= 0, (4.2)
where
L = (Lij(v)) = (2Gij − 4αGijksvkvs). (4.3)
Relation (4.2) was proved in ref. [18] by using restrictions from (3.2).
We remind that for general cosmological setup with the metric
g = −dt⊗ dt+
n∑
i=1
e2β
i(t)dyi ⊗ dyi, (4.4)
we have the set of equations [15]
E = Gijh
ihj + 2Λ− αGijklhihjhkhl = 0, (4.5)
Yi =
dLi
dt
+ (
n∑
j=1
hj)Li − 2
3
(Gsjh
shj − 4Λ) = 0, (4.6)
where hi = β˙i,
Li = Li(h) = 2Gijh
j − 4
3
αGijklh
jhkhl, (4.7)
i = 1, . . . , n.
Due to results of ref. [16] a fixed point solution (hi(t)) = (vi) (i = 1, . . . , n;
n > 3) to eqs. (4.5), (4.6) obeying restrictions (4.1) and (4.2) is stable under
perturbations
hi(t) = vi + δhi(t), (4.8)
i = 1, . . . , n, as t→ +∞. This follows from the relations [16]
δhi = Ai exp(−S1(v)t),
n∑
i=1
Ci(v)A
i = 0, (4.9)
(Ai are constants) i = 1, . . . , n, which are valid when restrictions (4.1), (4.2)
are imposed. Thus, all solutions under consideration are stable.
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5 Conclusions
Here we were studying the Einstein-Gauss-Bonnet (EGB) model in D di-
mensions with the cosmological term Λ. We have obtained three examples
of non-singular solutions with exponential time dependence (with respect to
synchronous time variable t) of three scale factors, governed by three non-
coinciding Hubble-like parameters: H0 > 0, H1 and H2, which correspond to
factor spaces of dimensions 3, l1 and l2, respectively, and D = 4+l1+l2. Here
(l1, l2) = (4, 4), (3, 2), (4, 3). Due to results of ref. [16] all the obtained solu-
tions are stable (as t→ +∞). We put H0 = H , where H is Hubble param-
eter. We have shown that two of these solutions with (l1, l2) = (3, 2), (4, 3)
may describe a small enough (e.g. zero) variation of the effective gravitational
constant G (in Jordan frame) for certain chosen values of Λ.
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